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Daily 12.M Monday 11/17 Griffiths 6.1 Time-independent Perturbations, non-degenerate

2. Time-Independent Perturbation Theory

The idea of perturbation theory is that, if you change the Hamiltonian only a little bit, you’d
expect the wavefunctions and their energies to change only a little bit too. Now, we’re used to
using a Taylor series to expand out a complicated function around some given point, and only
using as many terms as we need for the level of accuracy desired. So in the same way, we can
imagine that the new wavefunctions and energies should be expressible in terms of a series of
subsequently less significant corrections.

2.1

Non-degenerate Perturbation Theory

6.1.1 General Formulation

Daily 12.M
Weekly 12
Daily 12.W
Daily 12.F

Daily 13.M
Weekly 13

Brad

These next few days, we’ll be looking at ways to get approximate solutions to problems that
are too difficult to exactly solve.

Imagine you had a system, to be concrete, say a particle in a box, and initially the box floor was
perfectly smooth. So you have your simple Hamiltonian ,

Py

HO

and your simple wavefunctions that go with it,

Wy,

Which have their easily found energies,
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E;

Then you go and mess it all up by pushing up a dent in the middle of the well’s floor.

Now, the new Hamiltonian will be the old one plus a new term for the addition of the dent,

H=H°+H’

1. Conceptual: What is the point of A in equation 6.8?

Conceptually, these next few steps are easy to understand if you think of this dynamically; as
you push up, the Hamiltonian slowly changes, it’ll end up as H=H°+H’, but along the way it’s

H=H°+At)H’
Where /1(t) starts out as 0 (so you’ve not yet started pushing) and ends up as 1 (when you’ve
finished making the dent.)

How does the new wavefunction depend on this ‘turning on’? Who knows, but in principle, it
does depend on it, and we can write out its dependence as a power series:

w, =yl + Ay P+ PyP + Py
oy,

o but we
oA

. . o1
Where the s are the corrections (if it make you feel more comfortable, y (" = ;
j!

won’t really be using that fact.)

"Some of the notation, mainly the superscripts and subscripts, went over my head a bit.
Their presence made the section hard to follow and differentiate the useful information
from the rest." Bradley W

Similarly, the new energy must depend upon how ‘turned on’ the perturbation is; how, who
knows? But presumably that too can be expressed as a power series:

E =E°+E® + PE® + PED +...
Again, if it makes you feel more comfortable, you can imagine we’ve got a Taylor series here

and EY = 1 ajE.“
TRRYS

, but we won’t use that fact.

The fact we will use is this the old familiar:

A~

Hy, =Ew,

But if we rephrase this in terms of our perturbation factor, A, and all the correction terms,
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(Fo+ a8 fpo + Ap® + 2p@ + By +..)= (B + B + PE® + PEO + Jyo + Ay ® + Py@ + Ry® +.
Multiplying this out, we get

(I:| w + AR O + PHY @ £ -y + PH Y + PH P + ):
(Esws + 20y Y + ZEQY® + 2By + PEPY Y + FECY + PEPy: + PEPy O + A EPY ..

Collecting terms by powers in A,

(Fepe —Eqwe )+ A(Row® + Fe ) (Ew® + EOwe )+ 2(Feow@ + Ay )-(Edw® + EQp® +EPye ). =0

Now, this is a polynomial in A and it must sum up to O regardless of the value of A. So, what
must be true of each individual coefficient of A? Each must be individually equal to 0.

A

H Ol//o — EOWO
How +H'yy = Ejw +EPy;
Hop@ + Hiy® = Eop®@ 1 EOy® 4 E@y,0
n n n n n n n n
6.1.2 First-Order Theory
So, the 0"-order equation is the one we already knew:
H% =By,
if there were no perturbation, we’d have the original Hamiltonian which is solved by the original
wavefunctions with their original energies.
The 1%-order equation though,
RO +H'yy = Ejy ) +EPy;

n n

is news. Let’s see what we can get from it.

1st-order Energy E,(V Correction.
If we inner-product it with the known ¢, we have

(we|Aew )+ (we[Rwe ) =(we |Esw®) + (e | ECws)
Of course, the energies are just numbers, so we have
(e Fow )+ (we |A'we) = Ex(we|w® )+ EX (wr
But <://§ y/§> =1, and the original Hamiltonian is most assuredly Hermitian, so we have

(Reyy H'yg)=Es(wy

we)

w®)+ (v v )+EY
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And we know that the original Hamiltonian operating on the original energy eigenstate returns
E;, SO

Es(ws|w®)+(we | Hwe) =B (we|w®)+E®
Now we can cancel the first term from left and right to be left with

<!//§
Viola! We now know the first-order correction to the energy.

Hiyp)=EY

n

Why Perturbation theory?

Now you may well say ‘but wait, is this result of any use? After all, we posited that
E,=Er+2EP + PEP + PEP +...

And we’re really interested in the case when the perturbation is completely turned on, so

A =1, and that means all correction terms are equally important!

That could indeed be the case; and in that case, perturbation theory wouldn’t be the way
to tackle the problem. Then again, if it’s not just that 4 was once-upon-a-time small
(when we first started ‘turning on’ the perturbation to the Hamiltonian), but it’s that the
perturbation is itself small, then we can hope that the 1%-order term will be bigger than
the 2"-order which will be bigger than...

Then a Perturbation approach is useful.

Exercise: This works just as well whether we’re talking about a Hamiltonian operator expressed
in differentials and wavefunctions as functions or the Hamiltonian as matrix and the
wavefunctions as vectors.

V, 0 0 -¢ ¢ 0
H=H°+H'=|0 -2V, 0 |+| & -¢ O
0 0 3 0 0 0

0

First off, what are the original Hamiltonian’s eigenvectors?

1 0 0
lwi)=|0] |ws)=|1|and |p3)=|0
0 0 1

Then what’s the 1%-order correction to the energy for each?

- ¢ 0})1
EX =y Hy)=0 0 0) ¢ -& 0|0|=—¢
0 0 0)0

So the energy of the first state is, to 1%-order correction,

E,~E®Q+EP =V, —¢

il
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"Could we go over the second part of example 6.1" Antwain The following exercise is like the

second part of example 6.1, but with a little more meat.

Exercise: A little more complicated, Let’s go back to that infinite square well and tackle the
same scenario we’d considered last time with the WKB: an electron in a 1-D solid with a voltage
applied, i.e., a sloped bottom.

H'(x)= —eAV 2

EY = (y©|H

(o)> ]z(\/gsin(n?ﬂ x)X— eAV g)(\/gsin(%f x))dx =—eAV ﬁ_j[xsinz(”?” X Jdx
= —eAV a—%jx%(l—sin(”?T” x)x = —eAV L U xdx — Ixsm (n2z x)jxj
- e (37— (e sineze ) g cos(en)] )= -eav 2 ra 4. 51)

S

So, the energy for each state, to first order correction, is

nz

T om 2

3. Starting Weekly HW: Griffiths 6.1 for part a) you do this, but with a delta-potential in the
middle of the well.

1st-order Wavefunction y,(V
Alright, so we’ve gotten a little practice finding the first-order correction to the energy. What

about the wavefunction, how is that messed up because of a perturbation?

—

"I'm confused why griffiths uses equation 6.11 in the derivation?" Jessica

I'd also like to know how Griffiths uses 6.11 for the rest of the derivation.Spencer

Ditto Jonathan

Mmm...same. | follow the notation and such, but I'm still confused. Gigja

Now, the trick is that our old solutions formed a complete basis set for this space, so the
correction should be expressible in terms of that basis set. However, one caveat — since this is

supposed to be a correction term in w, =y +yP +y® +y® 1 . that’s a correction on top
of the 0" order term, v, , our sum will step over this member of the basis set.

pO =,y Of course, as usual, (i

m=n

M\ _
Va > - Cn,m
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So, we’ll use the 1*-order equation to get a relation for the 1%-order wavefunction which we can
then inner-product to get the coefficients. It goes like this. The 1%-order equation is

Hoy® + Hy? = Ep® + EOp

Rewriting with the things we know on the right-hand side

-2 (e -

Inner producting that with ),

(wal (Ao -2 ®) = (wa|E® - Ahe)
(wa Fowl) = (wa | E2w®) = (wa [ EPwr) - (wa  Frws)
(Repplp)-E <wm pP)=EP <l//m l//n> (walAwe)
walw®)-Exlwa|w®) =EP0—(ya|Hwy)
(wolw®)= <W;: El:>
And thatis (@ |y®)=c,,
S0

(wa|Awe)

@ _ (0)
) 24'/'5;’_5; "

m#n

note: not so useful if two original states have the same energy as the state you’re interested in.
Wednesday’s reading is about handling that kind of situation.

1. Conceptual: Can we use equation 6.13 to determine wavefunctions for the Helium atom
based on a perturbation to a Hydrogen atom? Why or why not?

"Im a bit confused about the second homework question, mainly with what exactly a
"perturbation to a hydrogen atom" actually entails." Sean M

Well, as a first step, you’d want to make the simple change that Z=2, and we’d need to
generalize the wavefunction to be a two-electron wavefunction. That’s all easy enough
(and was done in Chapter 4) but then the question is, can we treat the electron-electron
interaction terms as a perturbation?

We could go after the ground state since, in the unperturbed case, this is not degenerate.
However, after that, there would be degeneracies in the other states. For example, the n =
2,1 =1 and the n = 2, | = 0 have the same energies in the un-perturbed potential, so you
couldn’t go after corrections for ether without the sum blowing up when the other one
was added to the sum.
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Another issue is that the “perturbation” of the electron-electron interaction isn’t so small;
if I remember, it’s maybe 1/5™ of the electron-proton interaction, so 1% order may not be
enough to satisfactorily accommodate for adding in this “perturbation.”

Let’s give it spin.

Exercise: Returning to our matrix Hamiltonian, what’s the first-order correction to the first
eigenvector?

V, 0 0 -¢ ¢ 0
H=H°+H'=| 0 -2V, 0 [+| & =-¢ 0
o 0 3 )0 o0 o0
First off, we have
1 0 0
lw)=| 0] with E =V, |y7)=| 1| with E? =-2V,and |y)=| 0| with E =3V,
0 0 1
So the two inner products are
- ¢ 0)1 —-&
(WP Hp) =0 1 0) ¢ -2 0]0|=(0 1 0) ¢ |=¢
0O 0 O0)oO 0
- ¢ 0)1 —-&
(WP Hpw?)=0 0 1) ¢ - 0)0|=(0 0 1) & |=0
0 0 O0\O0 0
So, the sum is
B 1 R 71 [ K Z D R (21 | K Z O o °
v i; EC_EC '™ E°-E! "7 EC-EC "7 V,—(av,) (1) VARV . B *
Then, to first order,
1 0 1
o=l oly)=| ool 5 |-
0 0 0
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Exercise: Or, for the more complicated, differential-Hamiltonian case, with the sloped bottom in
a square well,

H'(x)=—eAV %,

2m

2
> JZsin(zx), and  E® = " (n—”j

So, < (0)

> :[(\/_Slan X eAV )(\/_smT” )dx——eAV 2J'xsm x)sin(2z x ix

SN

Where sin(m= x)sin(2z x):%(cos(
>— —eAV 2chos '”” x)ix J'xcos ””” x}ix}
0
-eaV 2 (e cosfe - e ) <m+n>,,> cos(2:21 ) e sif(22 |

e o o)1) s )3

(0)

(w &R’

For even m+n, the cosines are 1 which Kills the whole thing; for odd m+n, they’re -1, so

(v [Aip) = -eav 2 (5 P (- 2)- (e (- 2) = eav 2 (5 f - (e f )= eav 2 gt
<l//£no) H ‘l//[go)> = eAV ”_22 m2+n2+2{rrnnr;irr1]122)—n2+2mn = eAV -8 ?_(m

for m+n odd;
0 for m+n even.

Then
2 Hw eAV £ —m 2 i (mr
l//r(]l) Z%() \/’ z 72 (m2-n?) sin(Mx):\/mea eAV Z mnsm(a x)

2 2 a a 2 _4 2
hz mmr nr m=n (mz—nZ)
oddrm—n — — — oddm#n
2m 2ml a

Not pretty, but there it is.

1. Starting Weekly HW: Griffiths 6.1 for part b) you do this, but with a delta-potential in the
middle of the well.
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6.1.3 Second-Order Theory

Now, in practice, if using a power series expansion is a good idea at all, it’s because the higher
order terms are negligible, so you only need a few terms; i.e., in this context, if you’re dealing
with a mere perturbation (thus the name). So, we’ll go after the 2"-order expression for the
energy, but leave off there.

Looking at the 2"-order equation that we’d originally generated,

qo, (2 0,0 _ g0, (2 ,, O 2, 0
H Wn +H'l/ln _Enl//n +En l//n +En l//n

2st-order Energy En(? Correction.
Once we’ve got the 1°st order energy correction and the 1%-order wave correction, then we know
most everything in this expression. Taking the inner product of this with ° will isolate the

energy correction:

(e |Row @)+ (e [Aw®) = (e [Eqw®) + (we | ECw®) +(pe
(Repy Hw®)=E(we|w®)+EX (we|w®)+EP
Ex(wr v )+ (v |[Rw®) = Ex(wi [p )+ EQ(wr [y )+ EP
The left most terms on both sides are equal and so cancel

(2] ) = (e ) + £

=)

w®)+ (v

But we already decided that the one member of our complete basis set of original
solutions that doesn 't go into building the higher order corrections for y_ is (. Formally, we

could express ;,® =S¢ y©@. SO (ys|y®)=0.
m=n
(v R =
: : (walAwe) : :
We can leave off there, since we’ve already found ,,® =% ©, then again, subbing
m=n Er? - E:T)]

that in, we get

L wLMY

0 Hr 0
rere

\(wr‘; Hiyy)
2 e E

m

<l//§

2

4,0\ _ 22
H >_En
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1. Starting Weekly HW: Griffiths 6.4. 2"%-order energy corrections for the delta-spike
potential and for the perturbed harmonic oscillator (changed k)
Note: you are not expected to prove Griffiths’ comment on part (a).
For part b) Hint: You shouldn’t have to actually do any integrals if you recall that

X = #(& + é_) and equations 2.66 tell you the result of the raising and lowering

operators operating on a wavefunction. In fact, you should find that, in some old, chapter
2 homework you’ve already solved most of the key integrals.
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