Mon. 6.3, 6.4 Auxiliary Field & Linear Media

Tues. HW9
Mon. 7.1.1-7.1.3 Ohm’s Law & Emf

Wed. 7.1.3-7.2.2 Emf & Induction

Fri.

7.2.3-7.2.5 Inductance and Energy of B
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Recall:

The Electric “Displacement”

Quite Generally, Gauss’s law says

—

V-E=2= P

€9

Now we also relate “bound” charge (due to variation in density of dipoles)
So, if you have a region with dipoles and free charges,

p(all) = pfree + pbound

or,
Ptree = Pay ~ Poound

E-(-v-P)

Y

,0 free — ‘90

,0 free -

—

5OI§ +P'=D Electric Displacement

So Gauss’s Law for free charge and Electric Displacement
Ptree = V-D

and

eree = J.pfreedr :Iﬁda



Now: The Magnetic “Auxiliary”

Quite Generally, Ampere’s law says
VxB = t,d

Now we also relate “bound” charge (due to variation in density of dipoles)

3, =V xM
So, if you have a region with dipoles and free current,
‘J(all) = ‘J free + ‘Jbound

or,

—

= H Magnetic auxiliary field

So Ampere’s Law for free current and the auxiliary field
J...=VxH
and
:J.jfree 'dé:§|__i 'dr

free

free



The Magnetic “Auxiliary”

oo = [ T e dA = H -l

Example 6.1: A long copper rod of radius R caries a uniformly distributed (free)
current |. Find the auxiliary field, H, every where.




Magnetization & Auxiliary Magnetic field

Example

— — —

H=L1B-M

Ho

Consider a huge slab of magnetized material initially in the presence of a uniform field I§

(partly due to itself, partly due to other sources in the envwonment) and corresponding
uniform polarization and electric displacement Ho = ﬂl B0 — M0 :

You cut a small spherical hole out of it. What is the field in
its center in terms of B0 and M ?

For illustrative purposes only, take the Magnetization to be
parallel to the field, and imagine both to be in the z direction.

By Superposition Principle, cutting out a sphere is the same as
inserting a sphere of opposite magnitization.

inside a uniformly polarized sphereis |5 2

Badded.sphere = 5 Hy M added .sphif‘e

So, we ‘add in “ a sphere of polarization — MO @IIA@
~ 2
Add'ng fl€|d Badded :_gﬂOMO

B

in.sphere

Quoting Example 6.1 (which in turn inIds on 5.11), the field

—B, +B

added



Magnetization & Auxiliary Magnetic field

Example

— — —

H=L1B-M

Ho

Consider a huge slab of magnetized material initially in the presence of a uniform field I§
(partly due to itself, partly due to other sources in the envwonment) and corresponding
uniform polarization and electric displacement Ho = ﬂl B0 — M0 :

You cut a small spherical hole out of it. What is the field in
its center in terms of B0 and I\/Io? lg _ Eﬂ N l

added.sphere

3
Bin.sphere :\Bo _%ILIOM 0 @E@

What is the auxiligry field in its center in terms of |:|0 and M, ?

—_— . L —_— . —_—
Hin.sphere Tl Bin.sphere Mere

There is no material in the sphere, so

added.sphere

I:iin.sphere :ﬂ%(éo_%:uomo) where éo :VL{O(%—'—MO)
SO Ak
iy e = (1o (F, + M )2 2, ) = (i, + 2, )



Magnetization & Magnetic Auxiliary

-~ dm J,=VxM - - -
M = , H B_M |free=IJfree-da=§H-d|
dr Kb - M xA
EXxercise: Consider a huge slab of magnetic material initially with uniform field, |-Sio and
corresponding uniform polarization and magnetic auxiliary HO = ﬂi BO — I\/IO

/ / You cut out a tall and narrow cavity anngI\/I

1
Ho

3 What is the field in its center in terms of B and M 3
0
B Hint: Think of inserting the appropriate rod of opposite
I JVl o magnetization, determining its bound current, and the field
y of that configuration of current.

What is the electric displacement in its center in
terms of Hand M?




The Magnetic “Auxiliary”

Recall for D:
VxD=Vx(g,E+P)=0+VxP
So D isn’t necessarily analogous to E, unless P happens to be curl-less

Now for H:
V-H=V.(2B-M)=0-V M
Ho
So H isn’t necessarily analogous to B, unless M happens to be divergence-less

Example: Magnetization parallel to cylinder's axis:

Amperian box  There is flux in the bottom, but none out the other sides.

—

= M3 V-H=-V-M 20




Boundary Conditions
Magnetic Auxiliary field, along current-carrying surface

—

dl. Hiop
/' I 4
§Hd| = free.enc:deI Kf - l:i
bottom /ottom
j Htop ) dItop +j Hbottom ) dIbottom +_[ Hsides d|3|des = K dl -7
Send side height to 0
IHtOp 'dltop +I Hpotom * Alorom = K ¢ 0l As for B, it depends on all current
(bound and free)
HIItOpL T H||bottomL(_1) — Kf L .
§Bd| ::uolenc
H||top o H||bottom = K '
With H perpendlcular to K we can relate the directions by
oo = Hinorom = K s & >
b
Itoe [ottom B||top B B||bo'[tom K(aII)



Boundary Conditions
Magnetic Auxiliary, across boundary of two materials

<\
I
I

&
2,

j Htop ) dé’top + J H bottom débottom +'[ H sides dé:sides = .[ M top déitop + j M bottom débottom +J- M sides désides
Send side height / areato 0

j Htop ) da‘top + _[ H bottom dabottom = _[ M top da'top + J‘ M bottom dabottom

As for B, it’s got no divergence

H Ltop A+H oom A(-)=M Ltop A+M poom A(-1) V. |§ =0
=M M

1 bottom

Hitop o Hibottom ltop

=0

BLtop o BLbottom



Boundary Conditions
Magnetic and Auxiliary fields

H= ﬂl B-M
Along S T Across
= B’ _K Xﬁ K_Kfree:Kb:N|><n
[top — Plbottom — Ml B op — Blootom =0
H||t0p a H||bottom - Kf XN . HJ_top — HJ_bottom = I\/IJ_top — I\/IJ_bottorr
Exercise
Bar Magnet: uniform M along axis
Sketch M, B, and H as to obey the boundary conditi
M

Only surface fehkis tife boupd
around the cylinfdr, like solepoid




Linear Paira/Diia-magnetic

Diamagnetic is clearly linearly dependent on B
While an individual electron’s paramagnetic term isn’t
linearly dependent on B, the fraction of a large population

of atoms that get their electrons aligned is fairly linearly
dependent on B.

So, for many materials, to a good approximation, M o B

—

And since B = ,uo(l:l +M )we canalsosay M oc H

—

Putting a name to the proportionality constant: M =y H

_ ~ _ A
Combining things: B = 1 (H + y.H ) Magnetic Susceptibility
_ - Paramagnetic >0
or B=u 1+ y, H Diamagnetic <0
or B=uH %Eﬂo(lwm)

(Inconsistency Warning: for
polarization and electric field,
the constant was defined
between P and E, but this is
between M and H.)

Permeability



Linear Diamaghnetic

Example: Ball-park value for diamagnetic contribution to y,,. We'll think about that atomic scale

m
M :ZmH and M :d—m ~ —2¢% For which Meject dia = iB
dT Telect | 4m

This atomic dipole’s personal space, 7, is that of an atom, in 2
cubic lattice with atoms distance d apart, that’s Tgject dia = d’

The orbit of the electron is of this same order, so s? ~d?
SO
2
e
M~=|—
4m.d
But y is defined as the proportionality constant between M and
H, not M and B, so rephrasing with the help of B = ,uo(l+ X )H
1
M = - B
Comparing, M, (1+ z)
2 i -1
E_ e j 1 14
~ or ~lL—
amd | g, (1—|— zlm) " 1,6°
Plugging in,

-1
4(9.f|.1><f|.0_31 kg XZ x1071° m) e Right ballpark for
Xm = | 1= >~ | =—-4.4x10
47x107 N (1.6x107°C)

values in Table 6.1




Linear Para/Dia-magnetic
free__‘.‘]freeda §H dl B ,LlO(H+M) M ZmH

Example/Exercise: A coaxial cable consists of a copper wire of radius a
surrounded by a concentric copper sheath of radius b. Copper has a
magnetic susceptibility x,, .,. The space between is filled with an insulating

material of susceptibility .. If a current / flows up the inner wire
(uniformly distributed across the wire’s cross-section) and down the outer
sheath,

a) find the Auxiliary field everywhere
b) Find the Magnetization everywhere
c) Find the Magnetic field everywhere

I’ll do for s<a (inside coper wire),
you’ll do b<s<a and s<b




The other magnetism
Fe: 1522522p3523p63d°4s? Ferromagnetism

The 3d level is actually higher energy than the on-average
larger 4s (which has 4 radial peaks, one closer to the nucleus
than the 3d’s inner radial peaks), so Iron and its neighbors
have filled 4s but only partially filled 3d which is too far in to
covalently bond but far enough out to overlap with
neighboring irons’ 3d’s and form a conduction band. So they
can share extended wave functions and long wavelength’s it’s

energetically favorable for electrons in this band to be spin-
aligned!

Full 4s

R¥(y)r?

R¥(y)r?

L5 7S A

(http://www.theeestory.com/topics/9807) 2uibs1 radit;s
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Exercise: There are two spinning metal spherical shells with radii R and 3R
and equal and opposite surface charge. There is material with a
susceptability y,, between radii R and 2R. What is the magnetic field
everywhere?




Boundary Conditions & Linear Material

Magnetic fields o
H=1B-M M=pH u=ul+y,) B=/H
Alon L L
. E .  K-K,. =K, =Mxh Across
B||top o B||bottom = K(aII) xn BJ_top — BLbottom =0
H||t0p - H||bOttom - Kf xn HJ_top — HJ_bottom = I\/IJ_top — MJ_bottorr
Exercise: Problem 6.27
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