Phys 331: Ch 9, .6-.7 Noninertial Frames: Centrifugal and Corriolis “forces” 1

Mon., 11/26 9.6-.7 Fictional Forces: Centrifugal & Coriolis

Tues. 11/27 HW9b (9.14, 9.24)
Wed., 11/28 |9.8-.9 Free Fall & Coriolis, Foucault Pendulum
Thurs. 11/29 HW9c¢ (9.25,9.27)

Fri., 11/30 10.1-.2 Center of Mass & Rotation about a Fixed Axis

Equipment:
e (Qlobe
e Ball with coordinate axes

e Turntable with paper taped to it

Non-inertial Frames: Rotating

Last time we learned that when one frame is rotating relative to the other, say, the Earth, relative
to the ‘fixed stars’, then velocity and acceleration measurements made in the two frames are
related by

f} = ﬁ) _\7f (F) where \7f (F) = QX r > i-e~9 \7f (F) :raxisQé




r :ﬁet_ «f (F)+ Acorr (F)‘

Fictitious Inertial / Frame Force

mF = Fnet + I:frame

frame = m« (r) + ACorr (r) centrlpetal + I:corlolls where
cent mA\:ent - mﬁx r XQ 6] aX|s ,éms and Fcorr - _mA:orr =m2QxT

Example: (Ex. 5.8 F&C) A rod of length L is rotating at a constant rate of £2in a horizontal
plane. A bead starts just off the axis of rotation, a distance L,, at rest (with respect to the rod).
Ignore friction. How long will it take the bead to reach the other end of the rod?

Use coordinates that rotate with the rod so that the x axis follows the rod, so the equation of
motion is:

mr = If+2m?x§+m(§xf}fz.
The angular momentum is Q= Q2. The bead is constrained to move along the x axis and the
rod can only exert a normal force in the y direction since there is no friction, so:
mXR = N, §+N,2—mgZ + 2mxkx Q2 F mQzx x& ¥ Q2,
A A A A C A 2 A

mxX =N, ¥+ N,Z—mgZ — 2mxQ2y + mO~xx

The three component equations are:
mX = mQ*x, N, =2mxQ, N. =mg.

The second equation relates the size of the horizontal component of the normal force to the
Coriolis force. The solution to the first equation is:

x(t)= Ae” + Be™,

SO:




= AQe™ —QBe ™.
The initial conditions are X =L, and X(0) =0, so:
A+B=L, and €-BQ=0.

The second is A= B, so adding the conditions gives A= L, /2. The position is:
Qt -0t
x€ =L, (%j =L, coshqt .

Let T be the time when the bead reaches the other end, so:
x& FL=L,cosh@QT
T= lcosh‘l L ,
Q L,

Note that the units are right because the angular velocity has units of radians (unitless) over
time.

Today and tomorrow, we’ll look at some effects of the centrifugal force:
I;Cf = m(f) X ?)x Q ,

and the Coriolis force:

F_ =2mFxQ.

cor

9.6 Centrifugal Force:

Suppose a mass has a fixed position 7 in a rotating coordinate system with angular velocity Q.

What is the centrifugal force in this case? Label the angle between 7 and Q as 6. The diagram
below will be helpful.

Laxis=T Sin@
Qxr

The size of the first cross product is:

‘Qx?‘:QrsinQ.



It is tangent to the path of the mass (circle) as it rotates. The result is also perpendicular to the
angular velocity: (f) X F)Lfl That means that the size of the centrifugal force is:

F .= ‘m(ﬁ X ?)x f)‘ =mQ’rsiné.

The centrifugal force F,, is perpendicular to Q and points away from the axis of rotation.

Suppose we are describing an object near the surface of the earth. The size of the centrifugal
force is larger near the equator. As described by an observer on the earth, the direction of the
centrifugal force (how much N-S and how much In-Out) will depend on the location. We will
use the angle @ from the angular momentum (the North Pole). This is known as the colatitude
and is 90° minus the latitude. See the diagram below.

/" radial

™~ tangential
(horizontal)

From the perspective of someone rotating along with the rotating frame, there’s an effective
gravitational force:

IEeff.g = IE + IEcf .

grav

Define g, as the gravitational acceleration that would be felt if there was no rotation. We will

now use "g" for the effective gravitational acceleration in the rotating frame. As the book points

out, while we can conceptually distinguish the real gravitational from the centrifugal, we can’t
experimentally distinguish them. The individual and effective forces are shown below.

The effective gravitational acceleration in the rotating frame is given by:

n=n = Fcf
g=0g,+—.
m

We can split this into radial / in-out and tangential components /
north-south. The size of the radial component is:

|grad| :‘_ go + Fcf sing
|grad| =0, _QZRSinZ 9’




(sign flip when dropping the absolute value signs since g, will generally be larger than the
centrifugal contribution)

At the poles (0 =0 or ), |g...|= g, and at the equator (0 = 7/2) it is less by:

O'R=(73x10" 5) (64 x10° m)=0.034 m/s
The tangential component is:
Oang = Fer COSO

Oung = Q°Rsin@cosd

The angle between g and the radial direction (g,) is always small, so (in radians):
1(gtang] Zane  Y'Rsinfcost
a=tan ~ ~ .
grad grad go

A plumb line (a bob on a string) will hang at this angle relative to g // radially inward in
equilibrium in the rotating frame. The angle is largest at &= 45" where:

o~ Q’°R  0.034 nvs’

T 2g 20.8m/%)

~0.0017 rad~0.1".




9.7 Coriolis Force:

Let’s consider an object moving close to the surface of the earth. The Coriolis force depends on
what direction an object is going (velocity) relative to the angular velocity. Note that what it
means to go “north” depends on the location on earth!
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Combining all of the pictures, we can explain why hurricanes tend to rotate counterclockwise in
the Northern Hemisphere. If air is moving inward toward an area of low pressure, it is deflected

low

\ pressure

The opposite rotation results in the Southern Hemisphere. This effect is too small to determine
the way water rotates as it flows down the drain (e.g. like when the Simpson’s visit Australia).



Both Forces:

To get a little practice with a relatively simple situation, let’s consider the motion of a
frictionless puck on a horizontal, rotating turntable. Compared to the spinning of the turntable on
its own axis, the spinning of the room (sitting on the face of a spinning Earth) is negligible, so
we’ll treat the room as an inertial frame. Of course, in the inertial frame the puck will simply
move in a straight line because there is no net force. A (noninertial) rotating observer may
observe more complicated motions which will be explained by the centrifugal and the Coriolis
forces.

Example #: Prob. 9.20 (background for 9.24) Suppose a frictionless puck moves on a
horizontal turntable rotating counterclockwise (viewed from above) at an angular speed €.
Write down the equations of motion for the puck in the rotating system if the puck starts at an

initial position T, = € ,0: with an initial velocity V, = €, ,V,; _as measured in the rotating

frame. Ignore Earth’s rotation!

e

In an inertial frame there is no net force on the puck, so

>

mr, = .., = 0and we’d see the puck moving with constant velocity / in a straight line.

How would it look to a little bug ridding on the turntable? In that noninertial frame that
rotates with the turntable, Newton’s second law is:

. — — ~ . —
mF = F +F, =mExF xQ+2mFx Q.

Taking the angular velocity of the turntable to be Q= (0,0,2), the position is 7 = (x,,0).
Calculate the cross products:

P 2
ldo: Qx7=det0 0 Q=(-,Qx,0),
x y 0
[ -
They do: @x;)xfz=det— y Qx 0= (Q'x,0Q),0)
0 0 O
Ry 2
Theydo: FxQ=detx y 0|=Qy,—Qx0.
00 Q




So the equation of motion gives (dividing out the mass):

€ 9.0 > ©°x,Q%y,0 + €Qy,—20%0
or the equations for the x and y components are:

X=0Q°x+2Qy and §=Q% -20x.

A trick for solving both of these coupled differential equations at the same time (see Sect.
2.7) is to define 77=x+iy. If we add i times the Y -equation to the X -equation, we get:

K+1§ = Q? €+iy J2Q€ix+y FQ* €+iy X 2iQ€+iy
i =Q%n-2iQ7n.
This looks an awful lot like the damped harmonic oscillator (aside from that factor of i and

the lack of a negative sign on the linear term). So we can guess the basic form of the solution
that we’d guessed in that case.

Since this is a linear, differential equation, guess the solution 7=¢'*, which gives the
auxiliary equation:
They do: - = -2Qa,

O -2Qa+a’=(Q-a) =0.
This implies that o = Q. There is only one solution for &, so we need a second solution (the
differential equation is second order). This sounds a lot like the problem with the critically
damped simple harmonic oscillator. So we’ve got a good chance that a similar solution will

work. Just as with critical damping, you can check that in addition to ¢, t¢“* is a
solution, so the general solution is:

n(t)=e""(C, + C,t),
where the coefficients may be complex.

Impose Initial Conditions

r=€,00 and [, = (Xi,vyi,O: or 7; =X and 77; =V, +iv,; .
The first condition implies that
Cl = X

and the derivative is:
€ -iQe ™™ € +C,t 3Ce™™,
So the second condition implies:
7€Q > C, —iQx =V, +iv,,

C, =v, +i € +Qx; .




This gives:
~ i . N . . v
nC=e k +v,t+i€Q, +Ox ¢ = €ost—isinQt |k +v,t+i €, +x .
The real part of 77is x(¢) and the imaginary part is y(r), which gives (Eq. 9.72):
They do: xC €; +V,;t osQt+ €, +Qx; tsinQt,
yCG:—€ +v,t 3inQt+ € +Ox, tsinQt .

You will explore (computationally) the behavior of the motion for different initial velocities
in the homework (Prob. 9.24).




