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Using Angular Momentum

The measure of motion about a point

\ L, !

\ 3
A S

\ <
Y
Y
\
I

Magnitude and Direction
[=F x 7
Z:<(pz7”y _py rz)» (pxrz —Pz rx)» (pyrx —Px ry) )
Magnitude - Direction

Ltrans

L =[p.]r[ =[plr.|=|p|r|sin(®)

P, .
Orient Right hand so fingers curl from the axis and with motion,

then thump points in direction of angular momentum.


http://www.wiley.com/college/chabay/0470503475/image_galleries/ch11/pages/MI3e_11-011.htm

L:<(pzry _py Tz); (per _pZ TX)’ (pyrx _px ry) >

Lt]‘ﬂ]lS

What is the direction of

p 7
<0,4,0>x<0,0, 3>?
1) +x
2) —X
3) +y
4) -y
What is the direction of gg +;
p " 7) zero magnitude

<0,0,4>x<0,0,3>?


http://www.wiley.com/college/chabay/0470503475/image_galleries/ch11/pages/MI3e_11-011.htm

z:f) X ﬁ :<(pzry —Py 12) (PxTz =Pz Tx)) (pyrx —Px Ty) >

L =[p.|r[=[p]r.| =[p]r|sin(®)

If an object is traveling at a constant speed in a vertical circle, how does the object's

angular momentum change as the object goes from the top of the circle to the bottom
of the circle?

1. |L] increases
2. |L| decreases
3. |L| stays the same but the direction of L changes

4. The direction and magnitude of L remain the same



Using Angular Momentum

The measure of motion about a point

Effect of a radial force
n (like gravity or electric)

IT:E(;lrth(—sun d I: d (F —» )

—

Earth<—sun dt = dt

ﬁ a I—E—S ZKVE\)&%—I_TMSWJ =0
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L. =constant

Orbit noncircular.py



Kepler and Planetary Orbits:

Sweeping our equal area in equal time: If At,=At,, then A; = A,

A=b*h=VAt,h A= VALIrsIné A,= YVALrsing
Some mathematical manipulation... 1
1At : 1 At _ > At
A, =2 —2mvrsing@ =2—2prsing = ‘L‘
m m

Since L is constant (and m is constant), A is the same for the same time interval



Relating Energy, Radius and Angular Momentum in Circular Orbit
Angular Momentum: Lorbit =Irp=rmyv (r & p perpendicular)

Kinetic and Gravitational Potential Energy: E = K +U

2 2
Kinetic energy: K = 2 mv? = P L > Potential energy:U = -G m
2m  2mr r
2
Gravitational Force and Circular motion: ‘Fnet‘ _mv:
r
U 2K
U _gMm_
r I I
-U= 2K =K+U=K-2K=-K
2 2
Gm: 2 L K+U =- = >
r 2mr? 2mr|_2
L° K+U =- —
= mZGM 2m(mCI;_Mm)

GmM \’
Later in chapter will apply same K+U=-1
reasoning to electric interaction 2 L







Multi-Particle Angular Momentum: -

Cloud of Dust about Star

‘Eloud of Dust

cm
/‘ 7] el
I_. ¥ = 2
=S '2-S v
f" r.3 cm

Lc—s = (F;m—s X ﬁtot)+ (Ll.cm + I—2.cm + L3.cm + )

G 1 = p .



Multi-Particle Angular Momentum:
Cloud of Dust about Star

09 barbell_ang_mom.py



ulti-Particle Angular Momentum

—_ —_

L .=L +L,  +L,  +
Lc—s (cm s X pcm) (( X pl) (2 —cm X~ﬁ2)+(@,_cm><|33)+...
I
L = [ V.
c—S Ltranslational.c—s + rotational.c
Example: the baton spins about its own center with e e

L... = (0,0,2)kg - m?/s and about the person who'’s holding it

with L;yqns = (0,0,5)kg - m?/s
Its total angular momentum about the person is Loy = Lirans + Lror = (0,0,2 + 5Ykg - m?/s
=(0,0,7)kg - m?/s

Example: the baton spins about its own center in the
opposite direction, with th =(0,0,—2)kg - m? /s and about
) the person who’s holding it with L, ,,,s = (0,0,5)kg - m?/s
@T Its total angular momentum about the person is
‘ Ztot = zt”rcms + zrot =(0,0,—2 + 5)kg - mZ/S
=(0,0,3)kg - m?/s

09 barbell_ang_mom.p\



Rotational Angular Momentum

Erot.cm = (Fl—cm X ﬁ1)+ (FZ—cm X ﬁz)"‘ (F3_Cm X |33)+

Example: say we have two particles, what'’s th’?

m, =0.2kg, "icem = (0,2,1)mand v; = (3,0,0)m/s
z:((pzry — DyT2), (PxTz — D27 )s (PyTe — DxTy) ) S~
Zl_cm:((o ‘1, —0-1,),((0.2kg - 3m/s)1m —0-0),(0-0 — (0.2kg - 3m/s)2m) )

Li:m=(0, 0.6, —1.2)kg '
m, = 0.1kg, 7 cm = (0,—4,—2)m and ¥, = (0,4,0)m/s

-

L:<(pZT'y - py‘l”z), (pxrz _ pzrx)' (pyrx o pxry) )

Ly.em=((0 -1, — (0.1kg - 4m/s) - (—=2m)),(0 -7, —0-0),(p, - 0= 0-7,) )

L.cm=(0.8, 0, 0)kg - =~

- - - _ mz mz mZ
Lrot.cm = Ll.cm + LZ.cm _<0'8' 0, O)kg ' s T <Or 0.6, _1-2)kg ' s = (0-8; 0.6, _1-2>kg T



For v<<c, show that’s not the case Star

I:rot.cm = (Fi—cm X (ml\_il ))+ (FZ—cm X (mZVZ ))+ (Fz%—cm X (m3\73 ))+
Focusing on just one particle

I:1.cm = (mlﬁ—cm X (\7cm + \71<—cm )): (mlﬁ—cm X ch )+ (mlfi—cm X \71<—cm )

Similarly for all other particles, so

= - = N\ (o = s s _, -
——0 217 I AN UL TR LIPR L% +?)&£n)xvcm+(m1r1—cmxvl<—cm)+(m2|
but ¢ _ (m1'71+m2r2+m3'73+---) so 0
lem = (m,+m, +m, +..) Really only depends on
~ 1 2 3 v position and momentum
Lrot.cm — (mlrl—cm X V1<—cm )+ (m2r2—cm X V2<—c )+ (m3 r3—cm X V3<—cm )+r_e_!at|ve of center of

mass.

—

m
I:rot.cm = (fi—cm X p1<—cm )+ (r2—cm X ﬁZecm )+ (ré_cm X p>3<_cm )+



Rotational Angular Momentum
I—rot.cm :( X pl) ( 2 —cm X pz) (r3—cm X l_j3)+

For v<<c

L

rot.cm (E—Cm X _p>1<—cm )+ (FZ—Cm X ﬁZ(—cm )+ (Fé_cm X ﬁ3eCm )-l— |

— —

I—rot.cm T L1<—cm + I—2<—cm + L3<—cm

Example: say we have two particles
m, =0.2kg, "iccm = (0,2,1)mand v; = (3,0,0)m/s

7 - my, +my¥, _ (0.2kg X3,0,0)m/s+(0.1kg X0,4,0)m/s

m, +m, (O.2kg)+(0.1kg)

N
v1<—cm

- _>1
Lz((pzry - pyrz)» (pxrz _ pzrx): (pyrx — PxT; y >
Licem= ((0 7 (o 2kg - (—2m ) -1m), ((0.2kg - 12)1m — 0 - 0), (py, - 0 — (0.2kg - 1%)2m)>

2

Licem=(% 0.2, —0.4)kg - =

m, = 0.1Kg, 7reem = (0, _4 —2)m and B, =(0,4,00m/s Vacem = V2 — Vem = (—2,5,0)m/s

Lycem= <(0 r, = (0.1kg - () - (=2m)), (01, = 0-0), (py, - 0 — (0.1kg - (—22)) - (—4m)) >

1.6
L1<—cm:<?; O; —0.8> kg . mT 2
7 T 7 1.6 2 _ _ m
Lrotem = Licem T Lacem :(<%, 0.2, —O.4> + (T’ 0, —0.8>) kg mT (0.8, 0.6, —1.2)kg -




Rotational Angular Momentum

I:rot.cm = (ﬁ—cm X ﬁ1)+ (FZ—cm X ﬁ2)+ (Fé—cm X ﬁ3)+

For v<<c

I:rot.cm (ﬁ—cm X rjl(—cm )+ (E—cm X ﬁ%—cm )+ (Fi;)—cm X ﬁBecm )+ "

— —

I—rot.cm L1<—cm + I—2<—cm + L3<—cm

SpeC|aI case: rigid body

Particle velocities must be perpendicular to their position vectors
(otherwise they’d be moving in and out)

‘L1<—cm 1‘( 1 cm le cm )‘ = ml‘rl—cmHvl—cm‘
all particles travel their circles in the same period, T
27,
‘ 1- cm‘ — T — a)rl cm
2
‘L1<—cm 1Nem (rl—cma)) =mr_., @
all. particles
‘Lrot.cm :mlrl cm @+ M r2 —cm @+ M I"3 cm Zml i—cm
all. particles |: — | (?)
Moment of Inertia (again) | = Zml o rotem  cm




Angular Speed Refresher

The Earth rotates on its axis once every ~ s
24 hours. What is its angular speed? 1) © =21 /(24*60%60)

Radius: 6.4e6 m Mass: 6e24 kg
2) ® =21 *6.4e6 / (24*60*60)

3) o = (6€24) * 2 1 * 6.4e6 | (24*60*60)

4) o = (6€25) * (6.4€6)2 * 2 1 | (24*60*60)




Moment of Inertia Refresher

all. particles

_ 2
Icm = Z Mo
i

A diatomic molecule such as molecular
nitrogen (N,) consists of two atoms each of
mass M, whose nuclei are a distance d
apart. What is the moment of inertia of the
molecule about its center of mass?

a) Md?
b) 2Md?
c) ¥2 Md?
d) ¥ Md?
e) 4 Md?



Rotational Angular Momentum
Special case: rigid body
Example: A barbell spins around a pivot at its center at A. The barbell consists
of two small balls, each with mass 500 grams (0.5 kg), at the ends of a very low
mass rod of length 50 cm (0.5 m). The barbell spins clockwise with angular
speed o = 120 radians/s.

a) What is the moment of inertia about A?

b) What is the direction of the angular momentum?
c) What is the translational angular momentum?
d) What is the rotational angular momentum?

e) What is the total angular momentum?




Rotational Angular Momentum
Special case: rigid body

Example: Next the center of the barbell (of length 50 cm, two 0.5kg masses) is
mounted on the end of a low mass rigid rod of length b = 1 m. The apparatus is
started in such a way that although the rod rotates clockwise with angular
speed o = 90 radians/s, the barbell maintains its vertical orientation.

a) What is the moment of inertia about B?

b) What is the direction of the angular momentum?
c) What is the translational angular momentum?
d) What is the rotational angular momentum?

e) What is the total angular momentum?




If the Masses Don’t Lie in a Plane
Demonstrating I
Ltotal<—cm :'_;Ax pkA_i_FB>< pB +FC X ﬁC +FDX ﬁD

Just looking at magnitude for ball A

5 5 |D = [Fx Ba = rapa= rom, [ 2L
pA pB Ac—cm —‘ A X pA‘ =MaPp=r,m, T r\m,r, o
‘ X If all masses, distances, and speeds are the same,

- B ‘EAHm =‘I:becm :‘I:Cecm :‘I:DHm =rmr, @
LC<—0m A<c—Cm LD(—cm
B Ly on, = Lacon SING =Tmr wsing
Laen EA<—cm

gl\; Ltotal<—cm = (LA<—cm.z + I—B<—cm.z + I—C<—cm.z + I—D<—cm.z )2

Given the symmetry,
Ltotal<—cm - 4rm|’J_(()Sin 92

but r, =rsiné

- B 2 s _
Ltotal<—cm - 4mrJ_ WL = Iaxisa)

Generally, it's the moment of inertia about the rotational axis through cm




Rotational Angular Momentum and
Rotational Energy

Analogous to

1 2
Recall Ko =5 l@ K :%mvz
now L. =lo p=mv
L2 2
SO Krot - K :p—
21 2m



Mon. 11.2-.3, (.12) Rotational + Translational RE 11.b

Tues. EP10

Mon. [11.4-.6, (.13) Angular Momentum & Torque |RE 11.c

Tues. EP11

Wed. |11.7 - .9, (.11) Torque RE 11.d

Lab |[L11 Rotation Course Evals

Fri. |11.10 Quantization, RE 11.e

Mon. |Review for Final (1-11) HW11: Ch 11 Pr’s 39, 57, 64, 74, 78 &
Practice Exam







Rotational Angular Momentum and Kinetic Energy
Special case: rigid body
Example: A barbell spins around a pivot at its center at A. The barbell consists
of two small balls, each with mass 500 grams (0.5 kg), at the ends of a very low
mass rod of length 50 cm (0.5 m). The barbell spins clockwise with angular
speed o = 120 radians/s.

a) What is the moment of inertia about A?

b) What is the direction of the angular velocity?
c) What is the translational angular momentum?
d) What is the rotational angular momentum?

e) What is the total angular momentum?

f) What is the rotational kinetic energy?




